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FIG. 1: Energy norm jjÆEjj
1=2
(per unit volume) for the most
stable set of evolution parameters. Solid curves are jjÆEjj
1=2
from the full non-linear evolution code, and the dashed curve
is from a linearized version of the code.
gauge [8, 9]. However, our purpose here is to study the
intrinsic stability of the evolution equations, so we choose
to x the gauge in this non-optimalway in order to isolate
and emphasize this instability.
The evolution equations are solved here using a pseu-
dospectral collocation method (see [1, 14, 15] for further
details on the implementation) on a 3D spherical shell
extending (typically) from r = 1:9M to r = 11:9M . This
code utilizes the method of lines; the time integration is
performed using a fourth-order Runge-Kutta algorithm.
Although we use spherical coordinates, our fundamen-
tal variables are the Cartesian components of the various
elds. The inner boundary lies inside the event horizon;
at this boundary all the characteristic curves are directed
out of the domain (into the black hole), so no boundary
condition is required there and none is imposed (\hori-
zon excision"). At the outer boundary we require that
all ingoing characteristic elds be time-independent, but
we allow all outgoing characteristic elds to propagate
freely.
Recent analytical work [3] has shown that the growth
rates of the constraint-violating instabilities for the
Painleve-Gullstrand form of the Schwarzschild geometry
depend on just three of the nine parameters that specify
the evolution equations, f; ; z^g. We conne our study
here to the dependence of this instability on the two pa-
rameters f; z^g [21], and we x the remaining parameters
to the values that dene System III of Ref. [1].
Figure 1 shows numerical results from the evolution of
a single black hole for the case  =  12, z^ =  0:425.









FIG. 2: Solid curve shows the evolution of the integral norm
















(per unit volume) for the most stable set of evolution param-
eters. Dotted curves show the individual contributions from















that order from largest to smallest at late times).
Ref. [3]), which measures the deviation of the numerical
solution from an exact solution that satises the con-
straints. The solid curves in Figure 1 represent compu-
tations performed at dierent spectral resolutions (18,
24, and 32 radial collocation points), and thus illustrate
the convergence of our solutions. The dashed curve rep-
resents the evolution obtained with a linearized version
of the code, normalized so that the amplitude of the un-
stable mode is the same as that obtained with the non-
linear evolution. The convergence of these solutions, as
illustrated in Fig. 1, is made possible by choosing the
same initial data, including the exact same form for the
initial perturbation added by hand to Eq. (1), for each
resolution. If we had instead chosen initial data given
by Eq. (1) plus random perturbations (either supplied
by numerical roundo error or introduced by hand) we
would not expect results using dierent resolutions to
converge to the same solution.
Figure 2 shows the evolution of the integral norm of
the constraints (see Refs. [1, 3] for denitions of the con-
straint variables) for the highest-resolution case shown in
Figure 1. Note that at late times, most of the constraints
in Figure 2 grow at the same rate (1=  1=275M ) as
the energy norm shown in Figure 1. The exception is
the Hamiltonian constraint, which is much smaller than
the other constraints, but grows at double the growth
rate, 1=  1=137M . Thus it appears that for the opti-
mal choice of parameters, the unstable mode violates the
Hamiltonian constraint only to second order in the mode
amplitude.








FIG. 3: Exponential growth rates of the constraint-violating
instabilities as a function of the parameter z^ (with xed  =
 12). Points are numerically determined rates, while the solid
curve is the approximate growth rate.








FIG. 4: Exponential growth rates of the constraint-violating
instabilities as a function of the parameter  (with xed z^ =
 0:425). Points are numerically determined rates, while the
solid curve is the approximate growth rate.
Given a numerical evolution for a particular set of pa-
rameters, we determine the exponential growth rate by
measuring the slope of the curve in Figs. 1 or 2. Figures 3
and 4 illustrate these growth rates as functions of the pa-
rameters  and z^. The points in these gures represent
numerically determined growth rates measured using the
linearized code (which yields the same growth rates as the
fully nonlinear code, see Figure 1 and Ref. [3]). The solid
curves represent the simple a priori estimates of these
growth rates introduced in Ref. [3]. Although the agree-
ment between the estimates and the numerical results is
only approximate, this agreement was good enough to
allow us to direct our search for the most stable values
of the parameters to the relevant region of the parame-









FIG. 5: Instability growth rates as a function of the location
of the outer boundary of the computational domain for the
evolution parameter values  =  12, z^ =  0:425.
nal slices of the function 1= (; z^) through its minimum,
1=
max
= 1=275M , which occurs at the parameter values
 =  12 and z^ =  0:425. This minimum growth rate
is such that constraint violations in the initial data that
are comparable to typical machine precision (e.g. 10
 16
)
will become large (e.g. of order 0.1) when t  10
4
M .
Figures 1 and 2 illustrate the full non-linear evolution
that corresponds to this optimal choice of parameters.
For all the cases discussed so far, the outer boundary
radius was set at r
max
= 11:9M . Figure 5 illustrates the
dependence of the growth rate 1= on the location of the
outer boundary of our computational domain, for xed
 =  12 and z^ =  0:425. This curve shows a sharp local
minimum at the radius where the optimal set of evolu-
tion parameters f; z^g was determined, strongly suggest-
ing that these optimal values depend on the location of
this outer boundary. We have veried this by studying in
some detail the case where the outer boundary is located
at r
max
= 81:9M . There we nd that the new optimal
values of the parameters become  =  12 and z^ =  0:41,
and the value of the growth rate at these new optimal pa-
rameters becomes 1= = 1=333M . This growth rate is
about 20% smaller than that of the system whose evolu-
tion is illustrated in Fig. 1. Thus we infer that the evo-
lution of a single black hole in this case would extend to
about 10
4
M . We also note that the optimal parameters
for r
max
= 81:9M give a value of 1= that is about 2/3
the value illustrated in Fig. 5 for this value of r
max
. Con-
siderable additional computational eort will be required
to determine the general dependence of the optimal value
of 1= on r
max
, and we postpone that to a future study.
For r
max
< 12M and for r
max
> 20M , the growth rate for
a xed set of evolution parameters decreases roughly like
=r
max
, with the constant  being about a factor of six
larger for the case with r
max
> 20M . However, the opti-
mal value of 1= as a function of r
max
does not scale in
this simple way. The smallest growth rate determined in
4our study to date is the point at  =  12 and z^ =  0:425
with r
max
= 201:9M , where we nd 1= = 1=570M . This
evolution would be expected to persist for over 16,000M .
Finally, we note that all of the numerical evolutions
discussed so far have placed the inner boundary of the
domain at r
min
= 1:9M . We have also run the code with
r
min
= 1:0M and r
min
= 1:5M for our best-studied case
( =  12; z^ =  0:425; r
max
= 11:9M ) and we nd that
the growth rate is the same to three signicant digits.
In summary, we have illustrated that signicant im-
provements in the stability of numerical evolutions of 3D
black-hole spacetimes can be achieved by a careful choice
of the representation of the Einstein evolution equations.
In particular we have shown that single black hole space-
times can be evolved longer than t  8000M even with
xed gauge. These new results also indicate that the
outer boundary conditions may play a signicant role in
xing the optimal formulation of the equations, as has
been suggested by other investigations [16, 17, 18, 19].
The role of these boundary conditions will be explored
more thoroughly in a future study.
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